Results from chiral effective models suggest the existence of the so-called QCD critical point. These model predictions are highly dependent on the model setup and there is no universal argument for its existence and location. I discuss why a first-order phase transition is generally favored in models at low temperature T and high chemical potential µ, which will explain why the model results are unreliable about the critical point. I propose a useful way to reinterpret the model results as a liquid-gas-type phase transition like that of nuclear matter. This picture provides us with a fairly model-independent description of the QCD critical point not relying on detailed phase structures.
Questions and problems
Physicists pursue deeper understanding of phenomena in nature. The spontaneous breaking of chiral symmetry is one of the most interesting and profound phenomena in close connection to our existence, that is, it sheds light on the origin of the mass. It is, however, not easy to access the direct information on chiral symmetry and its spontaneous breaking experimentally, though the theoretical formulation has been established [1, 2] . In principle, according to what theory tells, chiral symmetry should be restored in QCD matter out of quarks and gluons created in the relativistic heavy-ion collision at RHIC in BNL and LHC in CERN. Because chiral symmetry hardly affects the bulk properties of the quark-gluon plasma (QGP), bulk observables cannot confirm chiral restoration but possibly * E-mail: fuku@rk.phys.keio-u.ac.jp electromagnetic probes could infer the change in the excitation spectra such as the in-medium mass shift and/or the width broadening of vector mesons.
There is another challenging possibility to detect the chiral properties of QCD matter, that is, the discovery of the so-called QCD critical point 1 which is a terminal point of the first-order phase transition. The existence of the first-order transition region at high density was first recognized in model studies [3] and there are countless works on the QCD critical point by now. Let me list some key issues up in order.
1. It is indeed a generic tendency of chiral effective models to favor a first-order transition of chiral restoration as the baryon density increases. Within a reasonable uncertainty range of model parameters, however, one can get the results with and without the first-order phase transition both. One might have a feeling that most of model studies indicate the first-order transition and the associated critical point at finite density. One might then be tempted to consider that the QCD critical point is a major theoretical prediction and the disappearance of the critical point is only a minor exception. Such attitude is dangerous, however, for it would be easier to accept some scenarios if they are closer to one's desire but not easy at all otherwise.
2. There are continuous progresses to overcome the sign problem at finite density. The lattice-QCD simulation at finite density is still extremely difficult, while tremendous developments have been made for high-T and zero-µ (see Ref. [4] for example). Non-experts sometimes jump directly to a reported T and µ of the critical point location. This needs caution again (see Ref. [2] for details). To make my point clearer, let me introduce a suggestive example. The 3d Ising model has a crossover under external magnetic fields that break Z(2) symmetry explicitly. It is possible to rearrange the spin sum to restore Z(2) symmetry even at finite magnetic fields. Then, if one performs the Monte-Carlo simulation for such a seemingly Z(2)-symmetric Ising system in a finite-volume box, one would observe a first-order phase transition that is an artifact. The correct result, crossover, is recovered only in the thermodynamic limit. One should keep in mind that the lattice results of dense QCD are still far from the continuum limit especially along the temporal (thermal) direction [5, 6] . Before the critical point search at finite density, I would insist to complete the survey of the critical line on the quark-mass plane, i.e., on the Columbia plot at zero density. So far, our knowledge on the zero-density Columbia plot still remains on the qualitative level. Then, why can we trust any lattice results at finite density with enough confidence? 3. They are completely different stories, whether the QCD critical point appears on the phase diagram or not, and whether it is detectable in the heavy-ion collision experiment or not. The particle abundance is very well fitted by the thermal statistical weight. Also, even the fluctuations are well described by the statistical model. This fact implies that the thermal properties are predominantly fixed at the chemical freeze-out point, though it is non-trivial how to justify this from the theoretical point of view. The critical region around the critical point, if any, must overlap the chemical freeze-out curve in order to make it detectable experimentally. One may want to identify the chemical freeze-out curve approximately as the QCD phase transition curve. This is presumably legitimate because the particle density (and thus the mean free path) should significantly change at the chemical freeze-out point and it actually happens when the confinement-deconfinement transition takes place. One should, however, remember that the QCD critical point is associated with the chiral phase transition that hardly affects the bulk thermodynamics except for the critical region. Indeed the statistical model does not know anything about the chiral dynamics.
There are intriguing theoretical questions about the possibility of the QCD critical point but principle problems are severely hindering reliable theoretical predictions.
Lessons from chiral models
Here I would like to concentrate on the problem of uncertainty in the model studies. Let us assume quark matter described well in a quasi-particle approximation at small temperature. In the vacuum the chiral symmetry is spontaneously broken, which can be parametrized by a thermodynamic potential,
where M is a constituent quark mass related to the chiral condensate, M 0 is the vacuum expectation value, and characterizes the potential curvature, i.e., the potential curvature at M = 0 is −2M 2 0 . In fermionic theories like the Nambu-Jona-Lasinio (NJL) model, for example, the vacuum part of the thermodynamic potential is given in a quasi-particle approximation by
from which one can read the value of for a given M 0 . We note that higher-order terms like M 4 ln(M/Λ) exist but play no role in our analysis at zero temperature only.
The matter part at zero temperature (T = 0) and finite chemical potential (µ = 0) can be written as
whose curvature at M = 0 is given as N N µ 2 /(4π 2 ).
What is described above is a very simple setup for finitedensity systems and it captures the essential features common in most model calculations at T = 0. This means, in turn, that our arguments here are not applicable to matter at high T and low µ. Then we can understand how a first-order phase transition is realized as a sum of Eqs. (1) and (3). In fact a first-order phase transition requires a potential form of double-well shape. The necessary condition for this is that the positive curvature from Eq. (3) should be greater than the negative curvature from Eq. (1), that is,
where we used µ M 0 in the region of our interest. For N = 2 the right-hand side of the inequality (4) is 0 076, while the value of read from Eq. (2) in the NJL model for example is 0 067 with standard parameters [1] . Certainly, the NJL model typically has a first-order phase transition at low T and large µ. Now we can clearly understand why any statement about the critical point is such model dependent. We should emphasize that model results are not always model dependent. Usually model parameters are well constrained by physical observables such as the meson masses, the decay constants, and so on. The question is then; what can constrain in the inequality (4)?
In fact, nothing can uniquely fix the value of simply because the potential curvature at M = 0 does not correspond to any physical observable. If we truncate the potential up to M 4 as in Eq. (1), in principle, the σ -meson mass (i.e. the potential curvature at M = M 0 ) can fix , which is precisely the case in the linear sigma model. But such an indirect relation between and the σ -meson mass is not robust but model dependent.
What we have seen so far is apparent in terms of the shape of the effective potential. However, the physics behind the inequality (4) is hard to imagine from the above-mentioned arguments only.
Reinterpretation and liquid-gas phase transition
The physics picture will turn out to be clearer once we express everything in terms of the density ρ, where
(5) Here we make an approximation assuming M is arbitrarily small in the region of our interest. Then, the vacuum part and the matter part of the thermodynamic potential can be expressed in terms of ρ as
which are valid when M is small and ρ ∼ N N µ 3 /(3π 2 ). One might find it strange that the vacuum part depends on the density ρ, but it is only superficial. The point is that M is rewritten by ρ with µ using Eq. (5). When the condition (4) is satisfied, the matter contribution overcomes the vacuum one, leading to a shape of the energy density that is downward convex and a minimum point in the energy as a function of ρ. Now we can reinterpret the condition (4) for a doublewell potential as the condition for quark matter to have a saturation density, which is reminiscent of the energy density of nuclear matter which is illustrated in the right of Fig. 1 . This analogy between quark matter and nuclear matter is very useful for intuitive understanding of a first-order chiral phase transition. In fact numerical calculations have confirmed the correspondence between the saturation property in the energy curve and the first-order phase transition as in the left of Fig. 1 [7] . The reason why nuclear matter has a liquid-gas phase transition is very simple. A state of nuclear matter at ρ = ρ 0 is the most stable energetically, and so a lower density state ρ < ρ 0 is realized as a mixed state of the empty (with ρ = 0) and dense blobs (with ρ = ρ 0 ) apart from the surface tension. Thus, if quark matter is a selfbound system at some saturation density, it inevitably has a mixed state and a liquid-gas phase transition, leading to a critical point. This is a very suggestive conclusion. Usually the QCD critical point is discussed in the context of chiral symmetry only, but the analogy to nuclear matter strongly implies the importance of detailed information about interaction among quarks and the equation of state. This suggests that confining forces of quarks may play a novel role in the existence of the self-bound quark system and thus the QCD critical point. Unfortunately there is no handy theoretical tool to deal with confining forces coupled with the chiral dynamics. Although the PNJL model can partially describe the so-called statistical confinement, it is of no use for the nature of genuine local confinement. Such local properties of inter-quark interactions should also be an indispensable ingredient in the argument of Quarkyonic Matter [8] .
Thus, I would speculate that the most urgent question in the future research on the QCD phase diagram is the clarification of the impact of realistic inter-quark interactions on the equation of state, especially three-body (baryonlike) correlations among quarks, which has not yet been implemented in any effective model studies. If such a description has some connections to nuclear matter, it would give us a whole view of cold and dense matter.
